In the present work we have analyzed all the possible spherically symmetric vacuum solutions allowed by the Einstein-Aether (EA) theory. We show that there are solutions only for two specific values of c 14 , zero and two. This result is completely general. For c 14 = 0 we have the Schwarzschild spacetime. On the other hand, for c 14 = 2 we have a family of new static solutions with an arbitrary function of the coordinate r. As a consequence of c 14 = 2 the EA coupling constant is zero, means that there is no coupling with the matter, which does not represent any problem to vacuum solutions. The problem arises when matching the vacuum exterior with some interior source matter since the EA parameter should be the same in the whole spacetime (interior and exterior). In this case the unique possibility would be c 14 = 0.
Introduction
The Lorentz invariance is an exact symmetry of special relativity, quantum field theories and the standard model of particle physics, and also a local symmetry in freely falling inertial frames in General Relativity [1] . The Lorentz violation in matter interactions is highly constrained by several precision experiments, see [2] for the latest example, while similar studies in gravity are not as well explored. With this motivation, Jacobson and collaborators introduced and analyzed a general class of vector-tensor theories called the Einstein-Aether (EA) theory [3] [4] [5] [6] [7] .
The first paper that investigated spherical static vacuum solutions in the EA theory was presented by Eling and Jacobson in 2006 [8] . In this paper the authors found a family of analytical solutions for the metric functions assuming an aether vector proportional to the timelike Killing field. These solutions do not depend on the parameters c 2 and c 3 of the EA theory but only depend on the combination c 1 + c 4 , such that c 1 + c 4 < 2. For c 1 + c 4 > 2 the coupling constant G becomes negative, implying that the gravity is repulsive, and for c 1 + c 4 = 0 this one is exactly the Newtonian gravitational constant.
The authors have shown when c 1 + c 4 = 0 the Schwarzschild solution can be obtained and also explored some solutions for different choices of 0 ≤ c 1 + c 4 < 2. In another paper, Eling, Jacobson and Miller [9] studied a perfect fluid, in order to model a neutron star, and consider the vacuum solution given in the previous paper [8] for any c 1 +c 4 < 2. Almost the complete literature on black holes in EA theory can be found in the papers [10] - [26] . In this paper we complete a general survey of spherically symmetric static vacuum solutions.
The paper is organized as follows. The Section 2 briefly outlines the EA theory, whose field equations are solved for a general spherically symmetric metric in Section 3 which are further analyzed in Sections 4 and 5. We end with some remarks in Section 6.
Field equations in the EA theory
The general action of the EA theory is given by
where, the first term is the usual Einstein-Hilbert Lagrangian, defined by R, the Ricci scalar, and G N , the Newtonian gravitational constant, as
R.
The second term, the aether Lagrangian is given by
where the tensor K ab mn is defined as
being the c i dimensionless coupling constants, and λ a Lagrange multiplier enforcing the unit timelike constraint on the aether, and δ a m δ b n = g aα g αm g bβ g βn .
Finally, the last term, L matter is the matter Lagrangian, which depends on the metric tensor and the matter field. In the weak-field, slow-motion limit EA theory reduces to Newtonian gravity with a value of Newton's constant G N related to the parameter G in the action (1) by [11] ,
Note that if c 1 = −c 4 the EA coupling constant G becomes the Newtonian coupling constant G N , without necessarily imposing c 1 = c 4 = 0.
The field equations are obtained by extremizing the action with respect to independent variables of the system. The variation with respect to the Lagrange multiplier λ imposes the condition that u a is a unit timelike vector, thus
while the variation of the action with respect u a , leads to [11] 
where,
and
The variation of the action with respect to the metric g mn gives the dynamical equations,
where
In a more general situation, the Lagrangian of GR theory is recovered, if and only if, the coupling constants are identically null, e.g., c 1 = c 2 = c 3 = c 4 = 0, considering the equations (4) and (7) .
Solutions of EA field equations
Aiming to know what kind of solutions the EA theory admits we start with the most general spherically symmetric static metric ds 2 = −e 2A(r) dt 2 + e 2B(r) dr 2 + r 2 dθ 2 + r 2 sin 2 θdφ 2 .
In accordance with equation (7), the aether field is assumed unitary, timelike and constant, chosen as u a = (1, 0, 0, 0).
Assuming (13), we compute the different terms in the field equations (12) for the vacuum, giving
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where the symbol prime denotes the derivative in relation to the coordinate r and G aether µν = G Einstein µν − T aether µν . Here, the constant c 14 is defined as
In order to identify eventual singularities in the solutions, is very useful to calculate the Kretschmann scalar invariant K. For the metric (13) , it is given by
Substituting the field equation (15) into (17) we can eliminate the term e 2B and find
With this equation and equation (16) we can eliminate A ′′ obtaining
Now using equations (21) and (16) we can eliminate B ′ and obtain
From the equations (22) and (23) we can note that there are two possibilities: c 14 = 2 and c 14 = 2. Let us now analyze in details each one.
Analysis of the solutions with c 14 = 2
In this case we must have from the equations (22) and (23) that
Substituting B ′ and A ′′ from these equations into the field equations (15)-(17) we get
Solving equation (27) we have three solutions:
where δ and γ are integration constants. Substituting A and B into the field equations (15)- (17) we can see that c 14 = 2. This case will be studied in details in the Section 4.
Case (ii): A = γ
Substituting A into the field equations (15)- (17) we can see that B = 0. Thus, we obtain the analogous of the Minkowski of GR theory.
Case (iii): c 14 = 0
Substituting c 14 = 0 into the field equations (15)-(17), we have the solution
With this solution for A and B we can put (13) in the Schwarzschild metric form, that is,
where e 2λ+σ dt 2 = dt 2 with λ and σ being integration constants.
Analysis of the solutions with c 14 = 2
Substituting this condition into field equations (15)-(17), we get
Solving simultaneously equations (33)-(35) we get the solution
where A is an arbitrary function of the r.
In the next section we show an example where we consider the metric function g tt as the same of the correspondent to the Schwarzschild solution.
Example of an assyntoticaly flat similar to Schwarzschild spacetime in EA theory
In the equation (36) we consider
obtaining from (36)
Then, the metric is given by
where M is a constant. The Kretschmann scalar is given by
and is limits are
This spacetime is Minkowski at the infinity lim r→∞ ds 2 = −dt 2 + dr 2 + r 2 dθ 2 + r 2 sin 2 θdφ 2 .
(43)
Conclusions
In the present work we have analyzed all the possible solutions for the vacuum with spherical symmetry allowed by the EA theory. We show that there are solutions only for two specific values of c 14 , zero and two. This result is completely general. For c 14 = 0 we have the Schwarzschild spacetime. On the other hand, for c 14 = 2 we have a family of new static solutions with an arbitrary function of the coordinate r. As a consequence of c 14 = 2 the EA coupling constant is zero, means that there is none coupling with the matter, which does not represent any problem to vacuum solutions. The problem arises when matching the vacuum exterior with some interior source matter since the EA parameter should be the same in the whole spacetime (interior and exterior). In this case the unique possibility would be c 14 = 0.
